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Theory of Distributed Mixing and Amplification
in a Superconducting Quasi-Particle

Nonlinear Transmission Line
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Abstract—An analysis is presented for the behavior of the
superconducting quasi-particle nonlinear transmission line driven
by a high-frequency local oscillator (LO). The theory developed
includes a large-signal nonlinear analysis, a small-signal analysis,
and a noise analysis. This model is used to simulate the conversion
loss and noise temperature of distributed quasi-particle mixers
based on the nonlinear transmission line. The numerical results
are compared to an experimental mixer at 460 GHz. The theory
also predicts that the nonlinear transmission line will provide
parametric amplification when the idler frequency is inductively
tuned. This new phenomenon may present new opportunities to
low-noise receiver systems at submillimeter wavelengths.

Index Terms—Distributed mixers, nonlinear transmission lines,
parametric amplifier, SIS mixers, submillimeter waves.

I. INTRODUCTION

T HE distributed mixer based on the nonlinear
quasi-particle tunnel current in a superconduc-

tor–insulator–superconductor (SIS) nonlinear transmission
line has emerged as a new class of low-noise frequency
mixers for submillimeter waves [1], [2]. Compared to the
conventional lumped-element SIS mixer, the traveling-wave
mixer requires a lower critical current-density tunnel barrier,
simpler matching circuitry, and lower magnetic field to
operate. Therefore, the design and modeling of quasi-particle
nonlinear transmission lines are important to submillimeter
receiver technology.

The quantum theory of mixing introduced by Tucker [3]
provides a solid framework for understanding the behavior of
the lumped-element SIS mixer. In order to cover the phenom-
enon of distributed mixing, this theory has to be extended.
Using a three-frequency approximation, in which the effects
of harmonic currents are neglected, a numerical model for the
frequency-mixing process in an SIS nonlinear transmission
line has been developed. The analytical procedure involves
three steps. First, the voltage and current waveforms along
the line driven by the incident local oscillator (LO) power are
solved in the large-signal nonlinear analysis. Then, the linear
relationships between the sideband voltages and currents along
the line are developed in a linear small-signal analysis, from
which the conversion efficiencies between different sidebands
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Fig. 1. (Top) Cross-sectional view of a superconducting quasi-particle non-
linear transmission line. (Bottom) Equivalent circuit used in the large-signal
analysis of the nonlinear problem.

can be derived. The third step is a noise analysis in which the
sensitivity, or the noise temperature of the mixer, is calculated
by summing the shot noise contributions from the entire line.
In this paper, the details of the three-step formulation and the
results of the authors’ numerical simulation are presented.

Although this model has been developed in the context of
the SIS distributed mixer, the algorithms implemented can
also be adapted to model distributed mixing and frequency
multiplication in normal-conducting nonlinear transmission
lines. In particular, this numerical model predicts that para-
metric amplification is feasible in a quasi-particle nonlinear
transmission line. Thus, a section of this paper is dedicated
to the study of this potential new application of distributed
amplification at submillimeter wavelengths.

II. L ARGE-SIGNAL ANALYSIS

A. Equivalent Circuit

Fig. 1(top) shows the cross-sectional view of a supercon-
ducting nonlinear transmission line. It is basically a microstrip
line with a very thin dielectric insulator, which forms the
tunnel barrier for the junction. In this numerical model, the
transmission line of length is decomposed into sections,
each of length , as shown in Fig. 1(bottom). Follow-
ing standard transmission-line theory, each cell contains a
series impedance and a shunt admittance . The
nonlinear quasi-particle tunneling current is modeled as a
voltage-controlled shunt admittance . The per-unit-
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length admittance is dictated by the geometrical capacitance
of the device itself while the per-unit-length series impedance

is dominated by the kinetic inductance of the superconduct-
ing electrodes [4]

(1)

(2)

where is the specific capacitance (per unit area) of the
SIS junction, is the penetration depth, is the width of
the line, and and are the thicknesses of the electrodes.
Note that (2) is formulated with the two-fluid model and is
valid at frequencies well below the band-gap frequency of the
superconductor ( 700 GHz for niobium).

The nonlinear quasi-particle shunt admittance is
readily derived from Tucker’s theory [3]

(3)

where is the normalized LO drive voltage, is
the dc bias voltage, is the dc-current–voltage characteristic
of the cell, and is its Kramers–Kronig transform. Since
there are a total of cells, is times smaller than the
measured value for the entire device.

Using this equivalent circuit, the large-signal problem re-
duces to a search for the set of output voltage and current of
each cell and , which satisfy the boundary conditions
imposed by the large-signal LO drive , the embedding
admittance , and the terminating admittance to the line.

B. Linear Approximation

As in most numerical methods, the numerical solution of
the above equivalent circuit requires an initial trial solution.
A linear approximation of the nonlinear problem turns out to
be a good starting point.

In this approach, the nonlinear tunneling admittance is
replaced by a constant conductance distributed uniformly
along the nonlinear transmission line. Thus, is replaced by

in each of the cells. A convenient choice of the total
distributed conductance is the optimal source conduc-
tance of a nondistributed SIS mixer using a lumped-element
junction with a normal-state conductance , identical to
the authors’ long junction [5]. In the authors’ simulation, the
per-unit-length conductance employed is

(4)

The resulting linear network can be solved analytically with
standard transmission line theory as follows:

(5)

(6)

where

(7)

(8)

(9)

(10)

is the characteristic admittance of the linearized transmis-
sion line and is its propagation constant. The source and
termination are located at and , respectively.

C. Formulation

Classical mixer theory uses a voltage-update method to
solve the nonlinear large-signal problem [6]. A similar ap-
proach is used here. Since the voltage and current waveforms
along a transmission line form a pair of coupled differential
equations, it is necessary to simultaneously integrate both of
them in the formalism. Therefore, the matrix approach
has been selected to analyze the equivalent circuit of Fig. 1(b).

The input voltage and current of the cell, , and
are related to the output voltage and currentand through
the matrix relation

(11)

where

(12)

The cascaded matrix of the entire transmission line is

(13)

The input admittance of the line terminated by an admittance
is

(14)

from which the input voltage and current to the first cell can
be derived as follows:

(15)

(16)

Once and are known, a new set of voltages and currents
can be obtained by using the recurrence relation (11).

Therefore, starting with an initial trial solution set
given by the linear approximation,

the above expressions are applied iteratively to update the
solution set. Convergence is considered to be reached if
the differences between the amplitudes of all corresponding
voltage phasors at two successive iterations are less than
0.1% and the differences between their phases are less than
0.01 rad.
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Fig. 2. Equivalent circuit of the cellk in the small-signal analysis. The
voltages and currents are denoted as vectors because three different sideband
frequencies are involved.

III. SMALL -SIGNAL ANALYSIS

Tucker has derived the linear relationships between the
small-signal sideband voltages and currents for a lumped-
element SIS mixer [3]. These equations are conveniently cast
into a matrix representation, relating the column vector of
sideband currentswith the column vector of sideband voltage

as follows:

(17)

is commonly known as the conversion matrix. The
elements of are functions of the large-signal waveform

. The subscripts to the small-signal voltages and currents
identify the sideband. Thus is the small-signal current at
sideband , the frequency of which is

(18)

Only the upper sideband, the IF, and the lower sideband, cor-
responding to , and , respectively, are considered
in a three-frequency approximation.

In a lumped-element mixer, the phase of the LO drive
does not affect the conversion matrix because one can always
arbitrarily set the phase of the LO drive as the reference zero
phase. This is not possible in a nonlinear transmission line, as
each cell in the line sees a different LO phase. As pointed out
in [7], the arguments of nondiagonal elements
have to be modified as follows:

(19)

where is the phase of the large-signal LO drive at the cell.
Let and be the column vectors of sideband currents

and voltages at the output of the cell. Referring to Fig. 2,
the following matrix relations can be established:

(20)

(21)

where

(22)

Fig. 3. Equivalent circuit of noise analysis showing cellsm andm+1. Here,
the noise contribution due to the tunneling current in cellm is considered.
This source of shot noise is represented by an equivalent noise-current source
placed at the output of the cell.

Note that the impedances and admittances involved in the
small-signal analysis may be different for the different side-
bands and are, therefore, expressed as a function of frequency.
The boundary condition at the termination of the line is

(23)

Starting from this equation, the recurrence relations (20) and
(21) can be used to construct the matrixesand , which
relate the input current and voltage vectors with the voltage
vector at the following termination:

(24)

(25)

Let be the small-signal current source driving the line. Thus

(26)

Note that the matrix corresponds
to the augmented matrix in the standard lumped-element
mixer theory [6]. At this point, one can just follow the standard
approach in the mixer analysis and write

(27)

In a distributed mixer, the IF output can be obtained from
either end of the transmission line. Here, the IF termination
is assumed to be at the input side. The single-sideband (SSB)
conversion gain of the mixer can be written as

(28)

IV. NOISE ANALYSIS

The basic assumption of the noise analysis is that the shot
noise created by bursts of tunneling current at any point
along the nonlinear transmission line is not correlated with
the shot noise generated at any other point. Starting from this
assumption, one can see that the total noise power delivered
to the IF termination is simply the sum of the contributions
from each equivalent shot noise-current source associated with
each of the cells.

Referring to Fig. 3, the noise contribution from the cell
is now considered. The equivalent shot noise-current source

is placed in a shunt position at the output of the cell. By
the theorem of superposition, it is assumed that no other noise-
current source is present elsewhere. Let and be
the input noise current and voltage vectors, respectively, at any
cell due to the noise source . The noise current flowing
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outwards from cell toward the noise source is denoted
as , such that

(29)

The recurrence relations (20) and (21) used in the small-signal
analysis also apply:

(30)

(31)

It should be noted that in the case of , the first term in
(30) should be changed to . The boundary conditions of
the above recurrence relations are

(32)

(33)

Starting from (32) and using the recurrence relations (30)
and (31) for , the matrixes and are
constructed:

(34)

T (35)

Similarly, starting from (33), and using the same recurrence
relations for , the matrixes
and are constructed:

(36)

(37)

By manipulating (29)–(37), the following matrix equation
can be derived:

(38)

Following standard noise analysis of lumped-element mixers
[6], the mean-square noise voltage at the IF termination due
to the noise source is

(39)

where is the current correlation matrix of the cell [3],
[6]. The total noise power delivered to the IF termination is
the sum of the contributions from all the cells. Knowing the
conversion gain of the mixer, one can establish the SSB noise
temperature of the distributed mixer

(40)

where is the Boltzmann’s constant.

Fig. 4. Large-signal LO voltage waveform along a 150-nm-wide 40-�m-
long quasi-particle nonlinear transmission line that has a critical current
density of 2.5 kA/cm2. The LO frequency is 460 GHz and the available
LO power is about 135 nW at a source impedance of 8
. The solution of the
nonlinear analysis is plotted in4 for the normalized RF voltage (in eV/h�)
and
 for phase. Also shown in solid lines are the amplitude and phase
waveform from the linear approximation.

V. IMPLEMENTATION OF THE ALGORITHM

In this simulation, the dc characteristic of a generic SIS
junction (similar to the one used in [8]) is employed. For
niobium junctions, the following material parameters have
been employed: mV, nm, and
fF/ m . The mixer under simulation is a double-sideband
(DSB) mixer. The embedding admittances at the LO frequency
and the upper and lower sidebands are identical and real,
such that . The IF
termination is taken to be 50 and the IF is 5
GHz. The nonlinear transmission line is also open at the far
end, which is .

The algorithm is implemented in C running under Win-
dows NT on a Pentium machine. For each set of input data
to the program, the LO drive is varied to optimize the SSB
conversion gain . The noise temperature at the optimal
LO drive is then computed. Convergence of the nonlinear
large-signal problem is readily attained. In fact, including the
optimization of LO drive, the central processing unit (CPU)
time needed per data set is only about 1 s. The key to this
speed of convergence is that the linear approximation given
in Section II-B is indeed very close to the nonlinear solution.
Fig. 4 shows a comparison between the linear approximation
and the nonlinear solution.

The number of cells, , used in the simulation is usually
about 50–80. It has been found that the use of about 15
cells per guided wavelength is generally adequate. For

, the resulting solution is relatively insensitive to.

VI. PERFORMANCE OF THEDISTRIBUTED SIS MIXER

In order to validate the software, it has been used to
simulate the performance of the first 460-GHz distributed
mixer designed in the authors’ receiver laboratory [1]. In
the experimental mixer, a microstrip-transformer section trans-
forms the waveguide circuit impedance to an impedance level
of about 8 at the center frequency of 460 GHz. The computer
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Fig. 5. Comparison between the theoretical and experimental performances
of the 460-GHz distributed SIS receiver [1].

model assumes a constant source impedance of 8across the
entire frequency band. The theoretical values are converted
into DSB values by multiplying and dividing by 2.
The parameters of simulation are kA/cm ,
nm, m, mV.

Fig. 5 shows the measured DSB conversion loss and re-
ceiver noise temperature as well as the computed conversion
loss and mixer noise temperature as a function of LO fre-
quency. The measured conversion loss is about 1.5 dB higher
than the simulated loss, both centered at about 455 GHz.
The model predicts that the 3-dB band edges of the mixer
are at 415 and 485 GHz, compared to the measured values
of 400 and 500 GHz. Considering the presence of input
coupling loss of about 0.5 dB and measurement errors of
about 0.5 dB, it is concluded that the model is in reasonable
agreement with the measured data. As for the mixer noise
temperature, the experimental value of 18 (10) K [1] at
460 GHz, compares favorably to the computed value of 27
K. The divergence is roughly that of the quantum noise at
this frequency ( K). The optimum LO drive for
the mixer is determined to be of the order of 150 nW for
operation across the 400-GHz band, comparable to that of a
lumped-element SIS mixer with similar value of [3].

The contour plots of Fig. 6 show how the theoretical SSB
conversion gain and the SSB mixer noise temperature

vary with the source resistance and the length of
the device for the same 460-GHz mixer discussed above.
The characteristic impedance and guided wavelength at 460
GHz of the nonlinear transmission line are 12and 18.7 m,
respectively. The plots show that good conversion gains are
realizable at low source resistance where the optimum line
lengths are spaced apart. Local maxima of the mixer
noise temperature are also observed at the same values of,
but the optimal source resistance is about 8. The authors’
computer model confirms that both the length of the nonlinear
transmission line (40 m) and the source resistance (8) are
well chosen for their experimental receiver.

(a) (b)

Fig. 6. (a) Theoretical SSB conversion gain contours and (b) theoretical SSB
mixer noise temperature (K) contours of a 460-GHz SIS distributed mixer as a
function of the source resistance and the length of the nonlinear transmission
line.

Fig. 7. Dependence of SSB conversion gain and SSB mixer noise temper-
ature on the critical current density of the 460-GHz distributed mixer. The
source resistance is kept at 8
and the line length is 40�m.

The authors’ simulation suggests that both the conversion
efficiency and mixer noise temperature will generally improve
when is reduced. This is consistent with the fact that at
longer line lengths, the IF output capacitance is higher and
that the far end of the line contributes more noise, but little to
conversion efficiency. The minimum of about 55 K given
in the figure corresponds to about 2.5 . This is higher
than the theoretical minimum noise temperature of lumped-
element SIS mixers which can be as low as . Lower
noise temperature may be obtained by reducing, but at the
expense of higher critical current density of the tunnel barrier.

In Fig. 7, and are plotted as a function of for
and m at 460 GHz. Minimum mixer noise

temperature occurs at kA/cm , but the conversion
efficiency increases with . In [2], a design rule of

(41)

was proposed from empirical considerations. Using (4) and the
relation between and for niobium junctions

(42)

the design rule of (41) implies that for the nonlinear trans-
mission line under consideration kA/cm . Fig. 7
shows that at this value of critical current density, the mixer
conversion gain is about unity, and the noise temperature is
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close to its minimum value realized at kA/cm .
Therefore, for most ultrahigh sensitive SIS receiver systems,
the rule represents a reasonable tradeoff.

VII. PARAMETRIC AMPLIFICATION

In the simulation of the phenomenon of distributed mixing
in a quasi-particle nonlinear transmission line, the line used
is open at the far end. It is found that when an RF load is
introduced at the end of the line while maintaining
, the signal waveform along the line may be amplified

parametrically if is purely inductive. In this way, more
signal power is delivered to the RF load than is fed into the
line from the source in the presence of the large-signal LO
drive. It is well known that lumped-element SIS mixers can
exhibit signal reflection gain [9]. However, such a situation is
usually not useful because the input impedance of the mixer
may be negative and a circulator is needed to exploit the
potential amplification. However, in a nonlinear transmission-
line parametric amplifier, no circulator is required and the input
impedance is not usually negative.

The formulation developed in the Sections II–IV also ap-
plies to the traveling-wave parametric amplifiers. The gain of
the amplifier and its noise temperature may be
derived as follows:

(43)

(44)

where

(45)

(46)

In a parametric amplifier, the sideband 0 atis commonly
referred to as the idler. The large-signal drive is referred to as
the pump. The authors’ have investigated the use of the same
nonlinear transmission line simulated in the above section as a
parametric amplifier. The pump frequency is set to be 460 GHz
and the idler is set to be 5 GHz. The source and terminating
impedances of the transmission line in the 400-GHz band are
taken to be 8 m. The line is open at the far end at the idler
frequency, which is . The resulting signal gain
at 465 GHz and the expected amplifier noise temperature are
presented as contour plots in Fig. 8 as a function of the reactive
idler load and the length of the line.

Fig. 8 shows that a peak gain of about 5.2 can be obtained
with and m, or about 5.4 . At this
point, the required pumping power is about 300 nW and the
input return loss is about 16 dB. Local gain maxima are also
observed at m, , where the gain is about
5.0 and again at m, , where the gain
is about 4.7. As in the distributed mixer, the optimum line
length repeats every . The optimum value of at the
local gain maxima is found to be around .
In other words, at the idler frequency, the inductive load
should roughly tune out the capacitance of the entire line.

(a) (b)

Fig. 8. (a) Theoretical gain contours and (b) theoretical amplifier noise
temperature (K) contours of a quasi-particle nonlinear transmission-line para-
metric amplifier as a function of the reactive load at the idler frequency and
the length of the nonlinear transmission line. The frequency of the parametric
pump is 460 GHz.

The noise temperature generally increases withand
over our simulated range. Therefore, the optimum line length
should be trading off gain and noise temperature. In any case,
the simulated noise temperature of the parametric amplifier is
comparable to that of the distributed mixer.

Up until now, only a small part of the parameter space has
been explored. However, the authors’ model does predict low-
noise stable gain from this new class of parametric amplifier.
This would certainly open up the horizon of exciting new
applications in the submillimeter spectrum.

VIII. C ONCLUSION

A complete theory including nonlinear, small-signal, and
noise analysis has been developed for characterizing quasi-
particle nonlinear transmission lines. This theory has been
applied to model distributed SIS mixers. The numerical re-
sults have been compared to experimental data. Using the
authors’ computer model, it has been discovered that the
nonlinear transmission line can be used as a parametric ampli-
fier when the idler frequency is inductively terminated. This
new phenomenon of parametric amplification can open new
possibilities in the submillimeter spectrum.
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